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By means of a new method of mapping an algebraic number field into a 
euchdean space Voronoi’s unit algorithm is generalized to all algebraic number 
fields and it is proved that the generalized Voronoi algorithm computes the fun- 
damental units of all algebraic number fields of unit rank 1, i.e., of the real 
quadratic tields, of the complex cubic fields, and of the totally complex quartic 
fields. 0 1985 Academic Press, Inc. 
1. BASIC NOTATIONS 
In this paper we denote by 
(a) K an algebraic number field of degree 
(b) n = s + 2t, where 
(c) s is the number of real and 
(d) t is the number of complex conjugate fields of K; 
(e) m=s+t; 
(f) R an order of K of discriminant D, 
(g) E the group of units of R, and 
(h) W the subgroup of routes of unity in E. 
For a number a EK we denote by a”),..., a’“) the real, and by OI(~+‘), 
a(s+ 1) ,..., cPf, c?) the complex conjugates of a. 
2. INTRODUCTION 
By a famous theorem of Dirichlet the unit group E of R modulo the sub- 
group of routes of unity W in E is a free abelian group of rank r = m - 1. 
* This paper is a part of the dissertation of the author. 
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However in the proof of his theorem Dirichlet does not give a method for 
computing a basis of this group, i.e., for calculating a system of fundamen- 
tal units of R. 
In the case of the real quadratic field (n = 2, s = 2, t = 0) the fundamental 
unit can be calculated by the ordinary continued fraction algorithm: By the 
theorem of Euler and Lagrange the homogenous continued fraction expan- 
sion of an integer basis (1, B) of R is of the periodic form 
The factor of proportionality u] is a fundamental unit of R. Thus it is 
interesting to look for generalized continued fraction algorithms which are 
periodic in order to calculate fundamental units of fields of higher degree. 
There are several generalizations of the ordinary continued fraction 
algorithm (see [S]). These generalizations can be divided into two classes: 
(i) The arithmetic generalizations. In these algorithm the calculating 
method of the ordinary continued fraction algorithm is generalized. The 
most famous representative of this class is the Jacobi-Perron algorithm 
(JPA) [7]. Bernstein [7] discovered infinite classes of periodic JP-expan- 
sions. On the other hand Rhin [12] calculated the first 1954 steps of the 
JP-expansion of ( 1,4 , ‘j3 161f3) without finding periodicity. So it is still an 
open question if the homogenous JP-expansion of n + 1 algebraic numbers 
of degree n is always periodic. Until now no periodic arithmetic 
generalization of the ordinary continued fraction algorithm is known. The 
second class of generalizations is the class of 
(ii) The number geometric generalizations. These algorithms are all 
based on a number geometric interpretation of the ordinary continued frac- 
tion algorithm which was given by Minkowski [15]. Number geometric 
periodic continued fraction algorithms were given by Minkowski [14] for 
totally real cubic fields, Bergmann-Bullig [3-61 for totally real and com- 
plex cubic fields and for totally complex sextic fields, Dubois [ 123 for com- 
plex cubic fields and Voronoi [IS] and Delone and Fadeev [l 1 ] for totally 
real and complex cubic fields. So only for quadratic, cubic, and totally 
complex sextic fields continued fraction algorithms for computing fun- 
damental units are known. 
The most effective of these algorithms is Voronoi’s algorithm: e.g., 
Angle [l] calculated the fundamental units of a great number of cubic 
fields using this algorithm. Now by means of a new method of mapping an 
algebraic number field into a euclidean space we shall give a generalization 
of Voronoi’s unit algorithm to all algebraic number fields of unit rank 1 
and 2; i.e., the generalized Voronoi algorithm (GVA) computes the fun- 
damental units in the following cases: 
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(a) n = 2: s = 2, t = 0 (ord. continued fraction algorithm) 
(b) n = 3: s = 3, t = 0; s = 1, t = 1 (Voronoi’s algorithm) 
(c) n=4:s=2, t=l;s=O, t=2 
(d) n=5:s=l, t=2 
(e) n=6:s=O, t=3. 
The fields of unit rank 2 will be discussed in part II of this paper. 
3. THE CA-MAPPING 
DEFINITION 3.1. We call the mapping 
K+ R” 
CA-mapping (C = conjugates, A = absolute value). 
The CA-mapping maps all the fields of the same unit rank into the same 
euclidean space, e.g., all fields of unit rank 1 are mapped into the plane R*. 
Further we define a product on R”: the coordinatewise product. Now the 
CA-mapping has the following properties, which will inable us to calculate 
units in the geometric image R of the order R: 
LEMMA 3.2. (1) The CA-mapping restricted to K” is a multiplicative 
group homomorphism. 
(2) The image R of the order R is a discrete set in [Wm. 
(3) E-EJW. 
Proof: ad (1) Clear. 
ad (2) Let Mc R” be bounded. Then there is a constant C> 1 such 
that the coordinates of all points of M are in absolute value bounded by C. 
So for those IX E R whose image a lies in M all conjugates are in absolute 
value less than C. Since these numbers o! are algebraic integers, only a finite 
number of them can exist and thus 1 ME R I < cc. 
ad (3) A unit E is mapped onto 1, iff all the conjugates of E are in 
absolute value I, i.e., iff E is a route of unity. 
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In the space R” we can give a geometric interpretation for the absolute 
value of the norm in K: 
DEFINITION 3.3. For YIE R” we call 
Q(y’) := {y”fslRFIO~y~< 1 yil for i= l,..., m) 
the normed body of 9. 
Thus the following lemma is obviously true: 
LEMMA 3.4. If c( E K, then 
I NK,as(“)l= ~01 Q(u) = (a), ... (a),. 
Finally the image K in a natural way is made a K-mod& 
DEFINITION 3.5. Let tl, /? E K. We define 
a*fl := up 
and call a and fl associated, if there is a unit E E E, such that 
&*u = fi. 
4. THE GENERALIZED VORONOI ALGORITHM 
In order to describe the GVA we need some simple geometric definitions 
and facts. 
DEFINITION 4.1. A point 0 #?E R is called minimal point of R, if its nor- 
med body contains no points of R except for 0 and 9, i.e., if Q(g)nR = 
(0, 9). The system of all minimal points of R we denote by M. 
The following lemma is easy to verify. 
LEMMA 4.2. (1) If 9~ R is a minimal point, then & y’) n R = a. 
(2) Two dzfferent minimal points always differ in at Ieast two coor- 
dinates. 
(3) The system M of all minimal points of R can also be described 
M= {yteRI IQ($)nRI =2). 
(4) The unit group E operates by * on the system M, i.e., 
n 
E E E, jc-2, E*$E M. 
GENERALIZED VORONOI ALGORITHM I 181 
LEMMA 4.3. 1 is a minimal point of R. 
Proof. If 0 # 5 E R, 6 E Q(l), then on the one hand 
(S)i G l for i = l,..., m, 
and on the other hand 
and so 
1 d I NK,Q(U =GA... wm 
5=1. 
Now we define an ordering ci for the points of R” depending on the 
coordinate direction i. 
DEFINITION 4.4. (1) Let y’# y” E KY”, i E {l,..., m}. We compare the coor- 
dinates y, and JJ; starting with k = i, then for k = i + 1, etc., up to k = m, 
then for k = 1, k = 2, etc., up to k = i- 1. Then there is a first number k, 
with y,, # J&. If yk, < yb, we write 
3 <iv”. 
(2) For 9~ R” we put 
Hi(~):={y”~lRm~y~>~yi~ A 06y~<~y,~forallj#i 
A J$ < I vi 1 for at least onej # i}. 
LEMMA 4.5. if y’ E M, then in Hi(j) n R there is a point which is minimal 
with respect to the ordering -C i. We denote this point by vi($) and call it i- 
neighbor of y’ (see Fig. 1). 
For the proof of Lemma 4.5 we need the following statement, which is a 
consequence of the famous Minkowski convex-body theorem. 
LEMMA 4.6. Zf YE [w”, then the following implication holds: 
volQ(~7)>(2/71)‘~D~~‘~~~(~7)nR#~. 
FIG. 1. 2-neighbor of y, 
641/20/?-6 
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Proof For cx E K we denote the vector of conjugates of 2 by 
CJ := 
It is well known that R is a complete lattice in R” whose fundamental 
parallelepiped is of volume 
A = 2 - ’ I D 1 “*. 
Now for $E R” we consider the following convex, O-symmetric set in R”: 
Z(G) := {YE FYI lxil d 1 yil for = I,..., s A 
xf+,jp, +~f+~~< j ys+il for i= l,..., tf. 
Obviously, 
vol Z( y’) = 2%’ vol Q( v’). 
Now let 
vol Q( y’) > (2/n)’ 1 D I”*, 
then 
and following Minkowski’s convex body theorem there is at least one point 
of R\{fJ > inside Z( ~7). Thus there exists a number 0 # < G R with g E Z( y’) 
and for this 5 we have 
Proof of 4.5. By 4.6 the set Hi( 3) n R contains at least one point and 
because of Lemma 3.2(2) there is a point in Hi( y’) n R which is minimal 
with respect to the ordering ci. 
Now we are going to show that neighbors of minimal points are minimal 
points themselves: 
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LEMMA 4.7. Ifi~{l,..., m}, then 
(2) EG2yjGi2, ~i(E*~)=&*~i(y’). 
Proof: ad (1) Ify’EMand O#y”~Q(cp~(g)), then 
Yi 6 (CPA 9))i3 
YJG (cPi(Y’)),6Yj for allj # i, (*) 
YJ<Yj for at least onej # i. 
Now if y:< yi, then $’ E Q( $)n R, but this is impossible because by 
Definition 4.1, Q(j) n R = (0, g}. 
Thus the following inequality holds: 
Yl>YiY 
and together with (*) it follows that 
v”EHi(9) * (Y” <icPi(v’) ” Y“=cPi(Y‘)h 
so that finally 
r”=cPi(Y’) 
because of the minimality of cp,( y’) with respect to ci. 
ad (2) Clear. 
Now we are able to define the generalized Voronoi algorithm. 
DEFINITION 4.8. (1) For 9~ M, i E ( l,..., m}, the sequence 
(ti(YJ)j~Pd,=: <Y’>i 
is called i-chain of 9. 
(2) CM; (pl,..., rp,) is called generalized Voronoi algorithm. 
The next lemma follows immediately from the definition of the i- 
neighbors. 
LEMMA 4.9. IfgeM, ie (l,..., m}, (~)i=();,)j,N, then 
n 
je b, Yk.j~Ykj+l for all k # i. 
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5. THE PERIODICITY OF THE GVA 
In this section we shall prove that the GVA is always periodic. 
LEMMA 5.1. Bv the operation * of E the system M of all minimal points 
of R is decomposed into a finite number of orbits, i.e., the number of non- 
associated minimal points of R is finite. 
Proof It follows from Lemma 4.2 and 4.6 that 
~~,~EM=>/N~,~(~,~=~~~Q(S)Q(~/~)‘~DI”~. 
Thus the system 
is a system of algebraic integers of K of bounded norm and therefore in Z 
there is only a finite number of nonassociated numbers. Let 
Z’= jt,,..., i’k). 
be a maximal system of nonassociated numbers of Z, then obviously Z’ is a 
finite and complete system of representatives for the orbits of M. 
THEOREM 5.2. If I; E M, i E { l,..., m} then there exist numbers p E N, 
j, E N,, and a unit n E E, such that the i-chain ( y’), of -9 is of the periodic 
f orm 
(.Vt)r=.~~,...,-Ij/0'...'~j~+f~1'YI*.!j~or...r 9*.9j~+p-l2 
q2 * +jo,..., q2 * .,Gjo+p- 1,“” 
Proof: By 5.1 the number of nonassociated elements of the chain ( 9); 
is finite and thus by Lemma 4.7(2) the chain is of the given form. 
DEFINITION 5.3. In the situation of Theorem 5.2 we call n a unit of the 
chain ( y’),. If we choose in 5.2 first j, and then p such that both numbers 
are minimal, we call 
1 y’,Y~ ,‘,- 11 the preperiod, 
tYj~9...2,',+p-l) 
the preperiod length, 
the primitive period, 
P the period length and 
9 a primitive unit of ( y’) i. 
If j, = 0, we call the chain ( p)i purely periodic. 
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Now Theorem 5.2 and Lemma 4.9 show that by means of the GVA a 
Dirichlet system of units of R can be computed. 
THEOREM 5.4. Let K be totally real. Zf 9E A4 and iffor i = l,..., m the unit 
ni is a primitive unit of the chain ( G)i, then { nI ,..., n,,,} is a Dirichlet system 
of units of R. In particular every subsystem of m - 1 elements is a complete 
system of independant units of R. 
In a similar way a Dirichlet system of units can be calculated by the 
algorithm of Steiner [17] but the advantage of the GVA is that it com- 
putes the fundamental units for all fields of unit rank 1 and 2. In order to 
prove this we need the following properties of the GVA which are easy to 
verify and some informations about two-sided chains of minimal points, 
which we shall give in the next section. 
LEMMA 5.5. Let y’~ii4 and iE {l,..., m}. Further let j, be the preperiod 
length, let p be the period length and let n be a primitive unit of the chain 
(q>i=: (3j)jENo. 
(1) A unit v]’ E E is a primitive unit of ( $)i, tff q’ = q. 
(2) A unit E E E is a unit of ( JQ~, tff & is a (natural) power of q, i.e., if 
there is a number k E N with E = qk. 
(3) We call ( yQi degenerated in k-direction, if (q)k = 1. The chain 
( y’), is not degenerated in at least two directions. 
(4) kG,,Qo, gj+kp=Vk *.9j. 
(5) limj, m yiJ= co. 
(6) k%, (r~)~# 1 *limj,, y,,=O. 
(7) Zf y” E ( yQi then ( $‘)i is of period length p and n is a primitive 
unit of ( y” )i. Zf y” does not belong to the preperiod of ( yt)i, then ( yj’)i is 
purely periodic. 
6. TWO-SIDED CHAINS 
The concept of two-sided chains is very important for the geometric 
interpretation of Voronoi’s algorithm. Analogously we define: 
DEFINITION 6.1. Let y’EM, iG {l,..., m}, let (JQ~=: (cjj)lEwlo be purely 
periodic of period length p and let r] be a primitive unit of ( y’),. 
(1) ForjEZ\NO, j=up+v, u,v~Z, O<v<p, we define 
y;. := fp *r’” 
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and we call 
the two-sided i-chain of -9. 
(2) If there arejl,jzEZ and sEE with 
then we call E a unit of .( y’),. 
Two-sided i-chains have the following properties: 
LEMMA 6.2. In the situation of 6.1 the following statements are true: 
(I) m .V;+kp=qk *.Cj. 
(2) limj, ~ K VzJ = 0. 
(3) k=, (n)k#l*limj, mz.rkj=z). 
(4) If U is the set of units of =( j)i, then 
(5) Iff E - ( y” ) ir then ( y” ) i is purelv periodic of period length p and 
,(y),=,(y),. 
Finally we can give the following criterion for the identity of two-sided 
chains which follows from Lemma 6.2(5). 
LEMMA 6.3. Zf y, .v” E M, ( G)i, ( y’), purely periodic, then the following 
equivalence holds: The two-sided chains -( v ), and =( y’ ji are identical, iff 
they contain at least one common element. 
7. THE GVA FOR FIELDS OF UNIT RANK 1 
In this section we shall prove that by means of the GVA the fundamental 
unit of all fields of unit rank 1 can be calculated. Note that for real 
quadratic fields the GVA is a geometric version of the ordinary continued 
fraction algorithm and that for complex cubic fields the GVA coincides 
with the algorithm of Voronoi. 
In this section we assume that 
m=2 and {u, v} = (1,2) 
The main theorem in this section is 
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THEOREM 7.1. Zf YE A4 is any minimal point of R and q E E is a primitive 
unit of (g),, then q is a fundamental unit of R, i.e., 
In the proof of this theorem we will not use Dirichiet’s theorem on the 
structure of the unit group E, but we shall regain this theorem. 
In the case discussed in this section the GVA has the following fun- 
damental properties: 
LEMMA 7.2. If I;, y” E M, then the following implications hold: 
(1) j’~Q(.9)*y”=+. 
(2) Y,~Y:<(%(y')),~y"=)i. 
Proof ad ( 1) Clear by Definition 4.1. 
ad (2) Let G, y” E A4 with 
If y: 2 y,, then 9~ Q( y”) and by (1) it follows that y“ =q. If y: < y,, then 
3 = y’ because of the minimality of cp,( y’) with respect to the ordering < U. 
By 5.4 and 5.5(l) one can easily verify: 
LEMMA 7.3. Zf GE M and q is a primitive unit of ( y’),, then 
(d4 > 1 and (11)” < 1. 
LEMMA 7.4. If 9, y” E M, then 
(1) (y,=y: v y"=y:)*y'=$'. 
(2) Y,dY:*y"E (y'>w 
Proof: ad (1) Follows from 4.2(2). 
ad (2) If ( $)U=: (Y;)jsNO, then by 5.5(3) 
lim yUJ= co. 
j - Tfi 
Thus there is an element -qjO of (G), with 
and by 7.2(2) we have I’, = y”. 
By this lemma we can show that in the case m = 2 the system of minimal 
points of R consists of only one two-sided chain. 
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THEOREM 7.5. Every u-chain in M is purely periodic and all the u-chains 
in M are identical as well mutually as with M. 
Proof If y’ E M and j, is the preperiod length of ( y ), =: ( ,‘,), E N0, then 
by 5.5(7) the chain ( GjO), is purely periodic. We define 
z(jjoi,>u=: (A)kcL with ytb := gj,,. 
Then by 6.2(2) we have 
lim J& = 0 
k+ -cc 
and thus there is an element &‘;-, of .( qjO), with 
Y;,ko d Yu. 
Thus by 7.3(2) 
and by 5.5(7) it follows that ( y), is purely periodic. Now we have to show 
In fact if 9, j’ E M, then either yl< y, or y,<y: and thus by 
Lemma 7.4(2) the two-sided chains =(y’), and .(y”). have either the 
element y’ or the element y” in common and by Lemma 6.3 we get he 
requested result. 
It is also easy to prove that the u-chains in M are the inverse u-chains in 
M. Now from Theorem 7.5 and Lemma 5.5(5) it is clear that there is a 
modulo W uniquely determined primitive unit of all two-sided u-chains in 
M. Such a unit is called primitive unit of M and Theorem 7.1 is proved by 
proving the equivalent statement: 
THEOREM 7.6. If q is a primitive unit of M, then E = ( q)r. 
Proof: Let 9~ M and let q be a primitive unit of M. Then by 
Theorem 7.5 q is a primitive unit of ( y’),. Now for every unit E E E the 
point E*? by Lemma 4.2(4) is a minimal point of R and by Theorem 7.5 
this minimal point s*,C is an element of the two-sided chain ;( $),. Thus 
every unit of R is a unit of .( y’), and Lemma 6.2(4) completes the proof. 
8. NUMERICAL RESULTS 
Tables 1 and 2 show numerical examples for the GVA applied to com- 
plex cubic and totally complex quartic fields. All examples were computed 
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TABLE 1 
GVA for Complex Cubic Fields 
D 01 02 03 el e2 e3 Reg PL 
* -23 o-1 1 
* -31 0 1 1 
* -44 l-l 1 
* -59 0 2 1 
* -16 o-2 2 
* -83 1 1 2 
* -87 1 -2 -3 
* -104 o-1 2 
* -107 1 3 2 
* -108 0 0 2 
* -116 1 0 2 
* -135 o-3 3 
* -139 1 1 -2 
* -140 0 2 2 
* -152 1 -2 2 
* -172 1 -1 -3 
* -175 1 2 3 
* -199 1 -4 3 
* -200 1 2 -2 
* -204 1 1 3 
* -211 o-2 3 
* -212 1 4 2 
* -216 0 3 2 
* -231 1 0 -3 
* --239 o-1 3 
* -243 0 0 3 
* -244 1 -4 -6 
* -241 0 1 3 
* -255 1 0 3 
* -268 1 -3 -5 
* -283 0 4 1 
* -300 1 -3 3 
-1 
0 
-1 
0 
-1 
-1 
-2 
1 
1 
1 
-1 
-2 
1 
1 
3 
2 
1 
-2 
-1 
-1 
2 
1 
-1 
-1 
-2 
5 
1 
2 
2 
0 
1 
0 1 0.28120 1 
-1 0 0.38225 1 
1 1 0.60938 1 
-1 0 0.79099 1 
1 1 1.01859 1 
-1 0 1.04069 1 
0 1 0.93484 1 
-1 -1 1.57608 2 
1 0 1.25606 2 
1 0 1.34738 1 
1 1 1.71753 2 
1 1 1.32630 1 
-1 0 1.66355 2 
1 0 1.47367 2 
-1 -1 2.13065 4 
0 -1 1.88195 3 
1 0 1.28851 1 
2 1 1.33666 1 
1 1 2.60440 3 
1 1 2.35464 3 
1 0 2.23763 4 
2 0 2.71276 4 
1 -1 3.02358 5 
1 0 1.74549 1 
1 1 2.09564 2 
0 1 2.52468 3 
2 -2 3.30268 6 
1 0 1.54453 1 
1 0 1.99294 2 
-1 0 2.52123 3 
1 0 1.40134 1 
3 1 3.14856 3 
on the CYBER 76 of the University of Cologne. We calculated the fun- 
damental unit of the order Z[p] of the algebraic number field Q(p), where 
p is a route of the equation 
xH+ulx”-‘+ ... +a,~,x+a,=o. 
In the tables we use the following notations: 
(a) D = discriminant of the algebraic number field Q(p), 
(b) e, ,..., e, = coefficients of the fundamental units in the integer 
basis l,..., p”- ‘, 
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TABLE 2 
GVA for Totally Complex Quartic Fields 
Reg PL 
* 117 
* 125 
* 144 
* 189 
225 
* 229 
256 
* 257 
* 212 
* 320 
* 333 
392 
* 400 
* 432 
441 
* 512 
513 
* 549 
576 
576 
* 592 
0 2 3 
1 I I 
o-1 0 
2 0 -1 
1 2 -I 
0 0 1 
0 2 4 
0 1 1 
0 I 2 
2 0 -2 
1 -2 0 
3 6 -2 
0 3 0 
o-3 0 
0 5 0 
0 2 0 
0 3 6 
2 -2 -3 
o-2 0 
0 2 0 
0 2 2 
1 -5 -7 2 -3 0.54354 
1 1 I 0 0 0.96242 
1 1 1 0 0 1.31696 
1 0 I 2 1 0.86255 
1 -1 2 I 1 0.96242 
1 1 0 0 1 0.33738 
2 1 3-l 1 1.76275 
1 I I 0 1 0.44214 
1 I 2 -I I 0.73286 
1 -1 3 3 1 1.06128 
3 -1 1 1 0 1.46078 
1 -2 6 2 1 1.89892 
1 2 0 1 0 0.96242 
3 -2-2 1 1 1.66289 
1 0 5 0 I 1.56680 
2 -1 1 -1 0 1.52857 
3 -2-4 l-l 1.96498 
3 2 1 0 0 2.11438 
4 5 4 0 -1 4.58486 
4 3 0 0 1 3.52549 
1 2 2 0 1 0.91782 
(c) PL = period length, 
(d) Reg = regulator, 
(e) * where R is the Ring of integers of K, 
In all cases we calculated the primitive unit of the l-chain of 1. In the 
totally complex quartic case the routes were ordered according to the 
absolute value of their real part, the biggest one first. The coefficients of the 
generating polynomials we got from the tables in [16]. 
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